Abstract: This paper is concerned with the determination of limit loads for centrally cracked square plates subjected to biaxial tension. It brie y discusses the concept of limit loads and some aspects of numerical modelling. It presents results of numerical calculations conducted for two-dimensional (plane strain state and plane stress state) and three-dimensional cases. It also considers the relationship between the limit load and the crack length, the specimen thickness, the yield strength and the biaxial load factor, de ned for the purpose of this work. The paper includes approximation formulae to calculate the limit load.
Introduction
The strength of strain-hardened elastic-plastic solids containing a crack should be analysed numerically [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Numerical calculations is the only rational solution as there exists no exact or perfect analytical solution [11] . A review of the literature reveals various approaches [1] [2] [3] [4] [5] [6] [7] [8] [9] but these only o er approximate solutions. Numerical calculations, however, are time-consuming and require specialised programs and highly quali ed engineering sta [9] . It is no longer su cient to be acquainted with a computer program or have the right skills to employ the nite element method (FEM). Engineers solving such problems need to be experienced to properly use their expertise [12] .
The strength of ideally plastic solids can also be determined by applying the concept of limit loads [10] . This work, known as the EPRI procedures [10] , o ers a relatively simple tool to estimate the strength of plastic (and even elastic-plastic) solids. There are many formulae that *Corresponding Author: Marcin Graba: Kielce University of Technology, Faculty of Mechatronics and Mechanical Engineering, Department of Manufacturing Engineering and Metrology, Kielce, Poland, E-mail: mgraba@tu.kielce.pl can be used to calculate the limit load in structural elements but the solutions are conservative because real solids are generally strain hardened [11, 12] . Although the solutions of fracture mechanics are not su ciently accurate, they are superior to the formulae of the classical strength of materials; they are less conservative but o er greater safety [11, 12] . The classical strength of materials rejects the analysis of solids (structural elements) containing cracks. Fracture mechanics uses suitable tools to analyse a structural element containing a crack. Depending on the tools, it allows us to determine the distribution of stresses, the process of crack growth and even the time to failure of the structural element. In many a case, knowledge of the limit loads is not necessary [11, 12] . [11, 12] ).
Limit loads were rst thoroughly discussed in 1981 by the authors of the Electric Power Research Institute (EPRI) procedures in a report entitled "Engineering Approach for Elastic-Plastic Fracture Analysis" [10] . The work provides formulae to calculate the force required for the plasticity of the uncracked portion of the specimen near the crack front in an elastic-plastic material. This indicates that the specimen (a structural element) reaches the limit load if the uncracked portion of the specimen is characterized by a state in which the stresses calculated according to the HuberMises-Hencky (HMH) hypothesis are equal to or greater than the yield strength [11, 12] . The formulae apply only to elements satisfying the plane strain or plane stress condi-tion; determining the limit load requires knowing the yield strength and the dimensions of the structural element. It should be noted that the EPRI procedures [10] provide solutions to the limit load for structural elements subjected to mode I loading -see Figure 1a [12] .
It is worth noting that the formulae provided in the EPRI procedures [10] do not consider the specimen thickness. The original or modi ed formulae can be found also in the SINTAP procedures [13] , the FITNET procedures [14] and, the British standards R6 [15] and BS 7910 [16] . The large number of formulae to determine the limit load of structural elements is desirable; however, they should be divided systematically, according to the thickness of the structural elements or predominant plane stress or plane strain conditions. The next sections will explain why they are necessary at all [12] . [11, 12] ).
Knowing the limit load, an engineer is able to immediately assess the condition of a structural element containing a crack which may fail when subjected to an external load [11] . The diagnosis may be performed using failure assessment diagrams (FADs) [11] , proposed by Dowling and Townley [17] and Harrison et al. [18, 19] . The latter developed a very simple procedure based on two completely different criteria: the stress intensity factor (SIF) and the limit load [11] . This approach is now known as the two-criterion method [11] . If the assumptions of the Dugdale model are met [11] , the simplest failure assessment diagram can be obtained on the basis of the following formula:
where Kr is the standardized stress intensity factor (calculated as the ratio of the stress intensity factor (SIF) K I for the actual load state, the specimen geometric conditions and the critical value of the stress intensity factor K IC : Kr = K I /K IC ), and Lr is the standardized external load calculated as the ratio of the actual load (frequently denoted by P) and the limit load (frequently denoted by P ):Lr = P/P [11] . Formula (1) is used to plot a failure curve, also called the Failure Assessment Diagram (FAD). As shown in Figure 2 , the diagram is then analysed following appropriate rules (not discussed in this paper) [11, 12] .
The FAD, illustrated in Figure 2 , is one of two approaches used to assess the strength of a structure containing a crack. The other method, which is based on the concept of the Crack Driving Force (CDF) [11] , uses the values of the J-integral instead of the stress intensity factor. The CDF-based approach requires that the standardized external load and the limit load be known [11, 12] . This is the reason why the author decided to reconsider the limit loads, even though they have been discussed many times in various publications. Limit loads have been discussed thoroughly. When assessing the strength of a structural element with a crack, engineers may not have the knowledge and skills to perform an FE analysis, or they may not have time to develop a numerical model. It is thus essential to create catalogues of solutions to determine the limit load so that the strength of structural elements containing cracks will be easy to assess.
Description of the specimens, the material and the loading mode
The numerical analysis, which aimed at estimating the limit loads, was performed for specimens with a relatively atypical geometry -centrally cracked square plates under biaxial tension -shown in Figure 3 . For the purpose of this and other studies conducted by the author, the geometry will be referred to as a centrally cracked square plate under biaxial tension -CCSP(BT) [12] .
The lack of detailed research reports concerning the behaviour of a centrally cracked plate under biaxial tension as well as the lack of empirical formulae is the reason why this problem is discussed here and the numerical results are presented. Table 1 shows the geometric dimensions of the specimens used to estimate the limit loads. As can be seen, plates with four di erent crack lengths -very short, short, standard (a/W =0.50) and long cracks -were con-sidered. The numerical analysis was performed for twodimensional (planar stress and planar strain conditions) and three-dimensional problems. When 3D problems were solved, it was vital to properly select the thickness of the plates (specimens) so that the considerations were focus on predominant plane stress state (small plate thickness), cases with predominant plane strain state (large plate thickness) and indirect cases (see Table 1 ) [12] .
The choice of the specimen geometry is not accidental and it has rarely been discussed in research papers [20, 21] . This geometry is not considered in the EPRI [10] , SIN-TAP [13] and FITNET procedures [14] . The work by Meek and Ainsworth [20] deals with limit loads for centrally cracked square plates under biaxial tension. It discusses the e ects of the plate size and the biaxial load, de ned as σ /σ (see Figure 3) , on the level of the external load; the considerations are limited to the plane strain state and two crack lengths [12] . The authors used a basic formula to assess the limit load for this geometry:
where (σ ) lb L is the limit load, i.e. the normal stress applied to a specimen resulting in the full plasticity of the uncracked portion of the specimen, σ is the yield strength, a/W is the standard crack length, and the ratio σ /σ is the measure of biaxial load [20] . The index 'lb' of the limit load refers to the least possible solution obtained in Ref. [20] ; according to the authors, it is the lower bound limit load solution [20] . The formula is true for 'long' plates, which suggests that the plate height must be equal to or greater than the length of the uncracked portion of the specimen calculated as the di erence (W − a) [20] .
Furthermore, reference [20] also provides other formulae that can be used to calculate the limit load for plates subjected to tension in two mutually perpendicular directions. In that paper, the researchers analysed both long and short plates. In this study, the plate width was equal to its length and the uncracked portion of the specimen was smaller than the plate length. Thus, as suggested by the authors of Ref. [20] , the plate considered here is a long plate. The following formula can be used to assess the upper bound limit load solution [20] :
where (σ ) ub L is the limit load, i.e. normal stress applied to the specimen resulting in the full plasticity of the uncracked portion of the specimen. The index 'ub' of the limit load refers to the best possible solution obtained in Ref. [20] ; according to the authors, it is the upper bound limit load solution [20] . It is worth noting that the formulae provided in [20] are suitable only for the plane strain state.
The above formulae have been modi ed in many ways to be suitable for plates with di erent dimensions, i.e. different ratio between the plate width and the plate length. In Ref. [20] only two relative crack lengths are considered (a/W = 0.20 and a/W = 0.60); other lengths are not discussed [12] . [12, 24] .
The limit load is determined for elastic-ideally plastic materials. A model of such a material was used in this study to perform numerical calculations. The aim was to determine the e ects of the yield strength on the numerically calculated limit load. The material was modelled assuming a constant value of Young's modulus E = 206 GPa and a constant value of Poisson's ratio ν = 0.30. Four types of elastic and ideally plastic materials were analysed; they di ered in the yield strength (see Table 2 ) [12] .
The specimens -centrally cracked square plates under biaxial tension -were loaded by applying tensile stresses to the edges in mutually perpendicular directions: σ -tensile stresses acting on the plate in the direction of the crack propagation and σ -tensile stresses acting on the plate in the direction perpendicular to the crack surface -normal direction. Seven variants of external load, expressed as the ratio σ /σ ={0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50} to represent biaxial tensile stresses were analysed to obtain more accurate values of the limit load [12, 24] .
Numerical models of CCSP(BT)
The numerical models for determining the limit loads in CCSP(BT) were developed using the ADINA SYSTEM 8.8 calculation package [22, 23] . The numerical calculations, which aimed at determining the limit loads, were performed using an elastic -perfectly plastic material assuming that Young's modulus E and Poisson's ratio ν are constant while the yield strength σ varies [12, 24] . Table 2 shows the mechanical properties of the material models used in the numerical analysis. The models of the elasticideally plastic materials are represented graphically in Figure 4. All the calculations were conducted from two points of view. The plate was modelled as a two-dimensional case (assuming the predominance of plane strain or plane stress conditions) and as a three-dimensional element [12, 24] .
. 2D numerical models -plane stress or plane strain conditions [12, 24] The analysis of the plate under plane stress or plane strain conditions required modelling the crack tip as a quarter Figure 4 : Graphical representation of the elastic-ideally plastic material models used to calculate the limit loads [12] .
of an arc with the radius rw ranging from 1 to 5 µm. This indicates that the radius of the crack tip was, in extreme cases, 40000 or 8000 times smaller than the specimen width. The crack tip was divided into 12 circular sectors but their density increased near the edge (at the site of the application the boundary condition). Depending on the model, the elements near the edge were 5 to 20 times smaller than the largest elements located in the central part of the arc. The value of the radius of curvature was conditioned by the level of the external load as well as the crack length [12, 24] . For each specimen, the area near the crack tip with a radius of approximately 1.0 to 5.0 mm was divided into 36 (to 50) nite elements (FEs), of which the smallest, located near the crack tip, was 20 to 50 times smaller than the last [12, 24] . This suggests that in extreme cases the smallest element located near the crack tip constituted about 1/3076 or 1/10210 of the specimen width W, while the largest element near the crack tip represented approximately 1/154 or 1/204 of the specimen width. The parameters of the numerical model were strictly dependent on the analysed geometry (specimen type, crack length), the material characteristics, external load, and whether plane stress or plane strain conditions are considered [12, 24] .
The analysis concerning a plate under plane strain conditions was conducted with the assumption of small deformations and small displacements [9, 24] . The nite element model was created using nine-node elements of the 2-D SOLID plane strain type (mixed interpolation scheme) with nine integration points [12, 24] . When the plane stress conditions were considered, the nite element model was built using nine-node elements of the 2-D SOLID plane stress type (default interpolation scheme) with nine integration points [12, 24] . In the case of the plane strain state, the ADINA program [22, 23] automatically sets the thickness of the structural element to be B = 1 m. When the plane stress conditions were analysed, the thickness of the structural element was set at B = 1 mm [22, 23] . As mentioned above, the calculations were based on a model of an elastic-ideally plastic material [12, 24] .
Because of its symmetry, the specimen under predominant tension was modelled considering appropriate axes of symmetry and appropriate corresponding boundary conditions (see Fig. 3 ) [12, 24] . This approach allows us to use a larger number of FEs for the smallest fragment of the specimen, which reduces the time required for the numerical analysis; it is necessary, however, that appropriate displacements be set to zero in the subsequent nodes [12, 24] . In the case of the CCSP(BT), a quarter of the specimen was modelled using two mutually perpendicular axes of symmetry. Figure 5 shows a numerical model of the CCSP(BT) used in the study and a miniaturization of the specimen with a hatched fragment, which was modelled using the ADINA SYSTEM 8.8 program [22, 23] .
The external load, i.e. tension in two mutually perpendicular directions, is a complex load combining mode I and mode II loading. The load was applied to the selected edges as stresses linearly increasing in time: σ yy ext (component characteristic of mode II loading) and σ zz ext (component characteristic of mode I loading) [12, 24] . The symbols used here correspond to the symbols in the AD-INA program [22, 23] . The specimens, i.e. CCSP(BT), were also analyzed to establish how the limit load was affected by di erent values of tensile stresses in the ratio σ yy ext /σ zz ext = {0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50} [12, 24] . Indices 'yy' and 'zz' in the numerical model created in the ADINA program [22, 23] correspond to indices '11' and '22' in Figure 3 showing the geometry of the specimen − CCSP(BT) [12, 24] .
The whole numerical model comprised 3149 to 3428 nite elements and 12803 to 13921 nodes according to the type of material, the crack length and the external load. A total of 112 models were analysed numerically for each two-dimensional case, i.e. the plane stress state and the plane strain state. The models di ered in the yield strength, the relative crack length and the type of external loads [12, 24] .
. 3D numerical models
One of the aims of the study was to extend the concept of limit loads to three-dimensional cases. The numerical models were developed for specimens with the same dimensions as those used in the two-dimensional cases. The analysis was conducted for four variants of the relative crack length a/W = {0.05; 0.20; 0.50; 0.70} and six variants of the thickness specimens B. The thickness was selected in such a way as to satisfy the following conditions B/W = {0.050; 0.100; 0.200; 0.400; 0.625; 1.000}, with B = {2, 4, 8, 16, 25, 40} mm (see Table 1). As mentioned above, the specimen width was set to W = 40 mm. The thickness range should guarantee the occurrence of the plane stress state, the plane strain state, the three-dimensional stress state and three-dimensional strain state.
The specimens, CCSP(BT), were modelled using the existing axes of symmetry. The modelling was performed only for 1/8 of the specimen, applying appropriate boundary conditions to appropriate surfaces. The one eighth of the specimen analysed numerically was divided across the 0.500}, with the thickness of the layers decreasing from the specimen axis (x/B= 0.000) from the specimen edge (x/B = 0.500). It should be noted that the layer located along the specimen axis was (20 to 100) times greater than the layer at the edge of the specimen, which was due to a large gradient of stresses in this area.
The area near the crack tip with a radius of about 2 to 4 mm was divided into 18 to 50 nite elements, of which the smallest located near the crack tip was 14 to 100 times smaller than the last. That indicated that the element constituted 1/1376 to 1/25262 of the specimen width W, while the largest modelling area near the crack tip represented 1/96 to 1/267 of the specimen width. The crack tip was modelled as a quarter of the arc with the radius rw = (1 to 5) µm. In extreme cases, it was found to be 40000 to 8000 times smaller than the specimen width. The arc was divided into 12 equal parts.
In the calculations performed for the threedimensional cases, it was assumed that low strains and small displacements [9] , as well as the nite element mesh was generated using 3-D SOLID-type nite elements (mixed interpolation scheme). The basic mesh selected for the CCSP(BT) was a mesh with eight nodes (eight integration points) because in the ADINA program [22, 23] , it is recommended that for structural elements where tensile stresses predominate, eight-node spatial meshes should be used. In the analysis, only the number of nodes in the basic mesh was changed (from 8 to 20, with 27 integration points). The purpose was to check whether di erent meshes, i.e. meshes di ering in the number of nodes, provided similar results.
All the models used in the analysis were parameterized. Figure 6 presents a numerical model of the specimen − CCSP(BT) − used in the calculations and the specimen miniature with a hatched fragment that was modelled in the ADINA SYSTEM 8.8 program [22, 23] .
In the numerical analysis, the external load, i.e. tension in two mutually perpendicular directions, was a complex load combining mode I and mode II loading. The load was applied to the appropriate edges of the models as prede ned stresses linearly increasing in time: σ yy ext (com- 3D modelling of CCSP(BT) involved determining how the limit load was a ected by di erent values of tensile stresses in the ratio σ yy ext /σ zz ext = σ /σ {0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50} [12, 24] .
The whole numerical model consisted of 15552 to 17988 nite elements with 18018 to 20790 nodes, depending on the type of material, the crack length, the specimen thickness and the external load. A total of 672 models were analysed numerically as 3D cases; they di ered in the yield strength, the relative crack length, the specimen thickness and the type of external loads.
Numerical results
The numerical results, which were used to determine the limit load of the CCSP(BT), were based on the analysis of the plastic region near the crack tip. That involved observing the growth of the plastic zone in the uncracked portion of the specimen and, in certain cases, interpreting the relationship between external loads and time.
The limit load for the centrally cracked square plates under biaxial tension, CCSPs(BT), was assumed to be equal to the normal tensile stress σ applied to one edge, which was, relative to the tensile stress σ applied to another edge perpendicular to edge one, responsible for the full plasticity of the uncracked portion of the specimen. The limit stress for CCSPs(BT) was denoted by (σ ) P . The results of the analysis of the 224 cases where plane strain or plane stress conditions were predominant as well as the 672 cases of three-dimensional problems will be discussed in the next sections.
. Numerical results for the plane stress or plane strain conditions (based on Refs. [12])
The analysis of the two-dimensional problems -plane strain state and plane stress state -involved interpreting the diagrams showing the relationships between the limit load and:
-the yield strength σ ; -the relative crack length a/W; -the ratio of external tensile stresses σ /σ .
The numerical results are presented in Table 3 at the end of this section.
The natural conclusion is that an increase in the yield strength was accompanied by an increase in the limit load (σ ) P . The changes observed, both for the plane strain state and the plane stress state, were almost linear in nature. The relationship was true for each of the ratios of external tensile stresses and each of the ranges of the relative crack length (Fig. 7) . Another obvious conclusion was the fact that the shorter the crack, the greater the limit load. An increase in the crack length is accompanied by a decrease in the limit load (σ ) P for each yield strength and for each ratio σ /σ . In the case of the plane stress state, with the range of the ratio being σ /σ = 0, 0.50 , the relationship between the limit load (σ ) P and the relative length of the crack was nearly linear (Fig. 8) . However, when the ratio of external tensile stresses was σ /σ = 0.75 or greater (a higher concentration of shear stresses acting on the crack surface), the relationship between the limit load 
(σ )
P and the crack length was nonlinear. The greater the yield strength, the stronger the nonlinearity of the relationships between (σ ) P and a/W.
In the case of the plane strain state, the relationship between the limit load (σ ) P and the relative crack length a/W was obvious: the shorter the crack, the greater the limit load. However, changes in the (σ ) P = f (a/W) curves corresponded to the changes in the ratio of external tensile stresses acting on the plate σ /σ (Fig. 9) . When σ /σ = 0 (plate under uniaxial tension), the relationship between the limit load and the crack length was found to be linear. An increase in the ratio σ /σ ranging 0.25, 0.50 caused that the relationship (σ ) P = f (a/W) was nonlinear, resembling a hyperbola. A further increase in the ratio σ /σ ranging 0.75, 1.25 resulted in a change in the character of the relationship (σ ) P = f (a/W); the curve resembled a diagram of a third order polynomial function. At σ /σ = 1.50, the (σ ) P = f (a/W) curves had a shape of an inverse parabola. It is interesting to observe the in uence of the ratio of external tensile stresses σ /σ on the limit load (σ ) P (Fig. 10) . For the plane stress condition and a xed yield strength, the relationship (σ ) P = f (σ /σ ) was dependent on the relative crack length. For plates with very long cracks (a/W = 0.70), the limit load was reported to increase with increasing ratio σ /σ . The increase was nearly linear reaching about 15-18% in relation to (σ ) P for the ratio σ /σ = 0 (depending on the yield strength). For standard cracks (a/W =0.50) and the ratio σ /σ = 0, 1 , the increase in the limit load (σ ) P was almost linear, then the limit load decreased slightly when the ratio was σ /σ = 1.25, 1.50 . The decrease of about 3% was small in relation to the value of (σ ) P for σ /σ =1. When the cracks were short (a/W = 0.20), with the ratio being σ /σ = 0; 0.75 , the limit load increased by about 10-15% in relation to the value of ratio σ /σ = 0, then it dropped. The decline of about 1% was steady when σ /σ = 0.75; 1.0 . Then, when σ /σ = 1, the limit load decreased considerably by about 20-30%. Similar conclusions can be drawn for the case of plates with very short cracks (a/W = 0.05). It was found that the shorter the crack, the more intensive the changes in the (σ )
The conclusions were not so obvious for the (σ ) P = f (σ /σ ) curves when the relative crack length was xed and the plane stress was predominant. For very short cracks,a/W = 0.05 and a/W = 0.20, the limit load increased until the ratio was σ /σ = 0.50 and σ /σ = 0.75 respectively; then, the value of the limit load decreased considerably and the decrease was nonlinear. For the standard cracks (a/W =0.50), the limit load (σ ) P rst increased by approximately 15-20% at σ /σ = 0; 1 , and then decreases by about 3-5%.
The analysis of the relationship (σ )
for predominant plane strain conditions (see Fig. 11 ) shows [12] .
that the conclusions are similar to those drawn for the plane stress state. For very long cracks (a/W = 0.70) when the ratio σ /σ increased in the range 0; 1.50 , the limit load (σ ) P increased by about 73% for each value of the yield strength. For standard cracks (a/W = 0.50), with the ratio in the range σ /σ = 0; 1 , the limit load rose nonlinearly by approximately 78%, and then it dropped almost linearly by about 12.5%. For very short cracks (a/W = 0.05 and a/W = 0.20), there was a strongly nonlinear increase in the limit load of about 125-0135% when the ratio ranged σ /σ = 0; 1 followed by an almost linear decrease. It can be seen that under the plane strain conditions, the level of intensity of changes is higher than that observed when the plane stress was predominant (compare Figures 10 and 11) . Figures 12 and 13 show distributions of plastic regions in the model quarter of the plate (analysis based on Ref. [12] ). The diagrams were prepared for the moments at which full plasticity of the uncracked portion of the specimen was reached. As can be seen, the size and distribution of the plastic zone is strongly dependent on the crack length, the ratio of external tensile stresses and whether the plane stress conditions or plane strain conditions are considered. 
. Numerical results for the three-dimensional problems
The three-dimensional problems were analyzed by interpreting the diagrams showing the relationships between the limit load and:
-the yield strength σ ; -the relative crack length a/W; -the plate thickness B; -the ratio of external tensile stresses acting on the plate σ /σ .
The numerical results are provided in Tables 4-5 .
The relationship between the ratio of external tensile stresses σ /σ and the limit load for the CCSP(BT) designated by (σ ) P for three-dimensional cases was analysed for di erent values of the xed parameters (plate thickness, relative crack length, yield strength) (Fig. 14) . For the set of data considered in this paper, the curves representing the relationship (σ ) P = f (σ /σ ) at xed yield strength and relative crack length di er and their character is dependent on the relative crack length.
When very long cracks (a/W = 0.70) were considered, there was a slightly nonlinear increase in the limit load (σ ) P with increasing ratio of external tensile stresses σ /σ . It should be noted that an increase in the plate thickness caused the limit load (σ ) P to rise by an average of 10-15%, depending on the value of the ratio σ /σ . For standard cracks (a/W =0.50) and the ratio σ /σ = 0; 1 , rst the limit load increased nonlinearly and then decreased nonlinearly. For this crack length, the in uence of the plate thickness on the limit load (σ ) P was signi cant; the greater the thickness, the greater the limit load. The di erences in the values of (σ ) P for the two extreme values of the plate thickness were about 12.5%. In the case of short cracks (a/W = 0.20), the limit load rose nonlinearly at σ /σ = 0; 0.75 and then it dropped nonlinearly. For this crack length, the in uence of the plate thickness on the limit load was variable. When the ratio was σ /σ = 0; 0.75 , the limit load increased with increasing thickness; further changes in the ratio σ /σ resulted in smaller in uence of the plate thickness; the value of the limit load became independent of the plate thickness. For plates containing very short cracks (a/W = 0.05) at σ /σ = 0; 0.5 , there was a slight in- crease in the limit load (an increase in the thickness was accompanied by a slight increase in the limit load); a further increase in the ratio σ /σ resulted in a decrease in the limit load (σ ) P ; rst the relationship was nonlinear and then linear. In the case of very short cracks, the limit load (σ ) P was not dependent on the plate thickness when the ratio was σ /σ = 0.75; 1.5 . The conclusions provided in this section are characteristic of each value of the yield strength studied. The analysis of the relationship (σ ) P = f (B) (see Fig. 15 ) was also interesting. As mentioned above, for very short cracks (a/W = 0.05), no relationship was observed between the limit load (σ ) P and the plate thickness B. An increase in the crack length (to a/W = 0.20) caused the limit load (σ ) P to rise slightly with increasing plate thickness; the e ect was very small, almost invisible, in the presented diagrams. It should be noted that the (σ ) P = f (B) curves were almost linear in nature for both cases. When the analysis concerned standard crack lengths (a/W = 0.50), the (σ ) P = f (B) curves showed a slight and linear increase in the limit load with increasing plate thickness and the yield strength being σ = 315; 1000 MPa. When the yield strength σ = 1500 MPa, the curves (σ ) P = f (B) were slightly nonlinear; the increase in the plate thickness resulted in a slight increase in the limit load. Similar conclusions can be drawn from the analysis of the curves (σ ) P = f (B) obtained for plates containing very long cracks (a/W = 0.70). If, however, the results presented in this paper will be recalculated based on the value of the force -do not stress. Engineers need to con rm the well-known fact that the load limit increases with the thickness of the plate. There is nothing new, but it is important to mention this.
The e ects of the yield strength σ on the limit load (σ ) P are clear (Fig. 16 ). It can be concluded that the higher the yield strength, the greater the limit load. When the cracks were very short (a/W = 0.05), the (σ ) P = f (σ ) curves suggested that the limit load was almost unaffected by the plate thickness, which was mentioned above. 
It is evident that an increase in the crack length caused the limit load to increase with increasing plate thickness.
For the three-dimensional cases, the e ects of the relative crack length a/W on the limit load (σ ) P are also obvious: the longer the crack, the smaller the limit load (σ ) P . The (σ ) P = f (a/W) curves for di erent values of the plate thickness B (Fig. 17) indicate that the higher the ratio of external tensile stresses σ /σ , the more nonlinear the decrease in the limit load in relation to the relative crack length. The relationship between the limit load (σ ) P and the relative crack length a/W was almost linear when the ratio of the external tensile stresses was σ /σ = 0; 0.5 . For higher values of the ratio σ /σ , the decrease in the limit load with increasing crack length was strongly nonlinear, especially for plates characterised by a very large thickness B = {25; 40}. 
Comparison of the numerical results with the existing solutions
The numerical results concerning the limit load (σ ) P for the CCSP(BT) under plane strain conditions can be compared with the data determined according to formulae (2) and (3), provided in Ref. [20] . The results concerning the limit load under the plane stress conditions could not be analyzed as the authors do not mention them. As suggested in [20] , formulae (2) and (3) Table 6 . Table 7 , on the other hand, presents the percentage di erence between the set of results analyzed in this paper (σ ) P for predominant plane strain and the data obtained from formulae (2) and (3) proposed in Ref. [20] ,
P · %, respectively. As can be seen, formula (3) [20] is not suitable to calculate the limit load (σ ) ub L for one con guration of the relative crack length a/W and the ratio of external tensile stresses σ /σ , (see Table 6 ). From the analysis of the data shown in Table 7 it is clear that the di erences between the numerical results for the plane strain state (σ ) P and the values determined according to formulae (2) and (3) [20] are dependent on the con guration resulting from the combination of the relative crack length a/W and the ratio of external tensile stresses σ /σ . The smallest di erences between the numerical results and the data obtained from formulae (2) and (3) were reported for plates containing very long cracks (a/W = 0.70). In such case, the numerical results (σ ) P were up to 7% smaller than those determined using formulae (2) and (3) (formula (2) [20] ) reached up to 13-14% (the values calculated using the FEM were lower than those calculated according to formula (2)); however, for ratios σ /σ = {1.25; 1.50}, the numerical values of the limit load were higher. The di erences between the numerical value (σ ) P and the values calculated from Eq. (3) (σ ) ub L [20] were the smallest at σ /σ = 0; 1 . In the case of plates with short cracks (a/W = 0.20) or very short cracks (a/W = 0.05), the smallest di erences between the numerical solution (σ ) P and the analytical solutions, (σ ) (2) and (3), respectively [20] ) were observed for σ /σ = 0; 0.5 . A more detailed analysis can be performed by comparing the data presented in Tables 3 and 6 with the di erences given in Table 7 .
Eqns. (2) and (3) in [20] are limited only for plane strain state. As we can see, the Eq.(3) proposed in [20] does not allow for one of the cases set a level of limit load (σ /σ , a/W = 0.20). Furthermore, with regard to the numerical results presented in this paper, equations (2) and (3) used to estimate the limit loads for plates with very short cracks(a/W= 0.05) generated signi cant di erences, Figure 16 : Limit load (σ ) P against yield strength for three-dimensional cases at xed ratio and relative crack length.
Figure 17:
Limit load (σ ) P against relative crack length for three-dimensional cases at xed ratio and yield strength. Table 5 : Numerically calculated values of the limit load (σ ) P for CCSP(BT) (3D problems) at the relative crack lengths a/W = 0.50 and a/W = 0.70.
reaching up to almost 50 (in the case of formula (2)) and the 200 and 800 percent (in the case of formula (3)) in relation to the results obtained numerically, for cases characterized by the ratio of external loads σ /σ = 0.5; 1.5 . Also for the case of short cracks (characterized by a/W=0.20), the di erence between the numerical solution of the formulas (2) and (3) are almost 50% and 240% respectively, for cases characterized by the ratio of external loads σ /σ = 0.5; 1.5 . Di erences between the numerical solution and the formula (3) for plate with the normative cracks (characterized by a/W=0.50) for the range of the ratio of external loads σ /σ = 1.0; 1.5 range from 13% to 160%.
Comparative studies of the author of this paper suggest a limited applicability of the formulas (2) and (3). In the case of very short and short cracks, these Eqns. are consistent with the numerical results in a small range of the ratio of external loads σ /σ = 0.0; 0.5 . In case of increase of the crack length, the applicability of equation (2) and (3) increases, whereas for very long cracks, it can be write that convergence between both solutions of numerical results is quite correct. 
The numerical values of the limit loads (σ )
P and the values determined according to formulae (2) and (3) [20] can be used to verify and assess the strength of a structure -CCSP(BT) -using the Failure Assessment Diagrams (FADs) or the Crack Driving Force (CDF) diagrams [11, [13] [14] [15] [16] . This approach is generally applied when the service conditions of the structure and the sizes of defects are known. As the study focused on numerical analysis, supported by theoretical analyses, this work discusses only the changes in the numerically calculated value of the J-integral (frequently de ned as the crack driving force) as a function of external loads normalized by the limit load [11, [13] [14] [15] [16] . The material considered in this paper is also one analysed by Sumpter and Forbes [26] to assess fracture toughness. The material [26] had the yield strength σ = 315 MPa, Young's modulus E = 206 GPa, Poisson's ratio ν = 0.3 and the strain hardening exponent n =5. When the material was subjected to plane strain conditions, Sumpter determined the fracture toughness to be J IC = 40 kN/m. The material is characterized by brittle fracture with extended plastic zones. The material was also discussed in Ref. [30] to verify the local crack criteria. A numerical analysis was conducted for that material and CCSPs(BT) at the relative crack length a/W = 0.20 and the ratio of tensile stresses σ /σ = {0; 0.5; 1.0; 1.5}. The analysis involved using anite element mesh to model an elastic-plastic material by calculating the stress distribution near the crack tip and the J-integral. The numerical models and integration contour necessary to calculate the J−integral and the method to determine the stress distributions were generated according to the recommendations provided in Refs. [10, [27] [28] [29] . Figure 18 shows the relationship between the Jintegral and the external load normalized by di erent values of the limit load -the values of (σ ) P presented above, which were determined numerically for the plane strain state, the plane stress state and 3D problems, and also the values of the limit load (σ ) lb L and (σ ) ub L , determined according to Eqs. (2) and (3) [20] . The diagrams are not analyzed here. It is important to note that the most conservative solution and approach to the problem of limit loads guarantee that engineering problems can be solved using the values determined for the plane stress state. If, Table 7 : Percentage di erences between the numerical values of the limit loads determined for the plane strain state (σ ) P and the values calculate from formulae (2) and (3) [20] .
however, the solutions are to be less conservative, the results obtained for three-dimensional cases should be used to analyze the behaviour of the CCSP(BT). More details on the elastic-plastic problems, particularly stress elds near the crack tip, the J-integral and the parameters from the elastic-plastic fracture mechanics, will be presented in the author's next paper.
Approximation of the numerical results (based on Refs. [12])
The numerical results obtained in this study for a twodimensional case (plane stress or plane strain conditions) and for a three-dimensional case were approximated. The approximation was conducted separately for the twodimensional [12] and three-dimensional problems.
The two-dimensional cases -plane stress state and plane strain state -were approximated using TableCurve 3D software [25] , which produces three-dimensional plots showing, in the form of curvilinear planes, changes in the values of the limit load (σ ) P for the CCSP(BT) as a function of the yield strength σ and the relative crack length a/W [12] . Figure 19 shows plots obtained for the plane stress state and the plane strain state [12] . The next step of the analysis involved using a built-in function of the Table- Curve 3D software and approximating each surface with a polynomial function in two variables [12] -Equation 1 in the set of functions of the TableCurve 3D software [25] . The function selected to approximate the limit loads (σ )
P is a polynomial function with two variables: the yield strength σ and the relative crack lengtha/W [12] :
where the coe cients A , A , A , A , A , A are dependent on the ratio σ /σ determining the level of biaxiality of the external load (external tensile loads) [12] . The values of the coe cients are provided in Table 8 . When formula (4) is used, it is necessary to know the relative crack length a/W, the yield strength σ given in MPa and the mutual ratio between external tensile loads -σ /σ . The result will be given in MPa [12, 25] . Formula (4) is well-suited to calculate the limit load in the range of the material and geometric characteristics considered in this paper [12, 25] . For the case when the level of external loads σ /σ was not considered, it is recommended that additional linear approximation be performed for two closest values of the biaxiality level of tensile stresses σ /σ [12] .
The results obtained for the CCSP(BT) in the threedimensional problem, were approximated using TableCurve 3D software as well. Three-dimensional plots were generated in the form of curvilinear planes to show the changes in the values of the limit load (σ ) P in the CCSPs(BT) against the plate thickness B and the ratio of external tensile loads σ /σ (Fig. 20) . The approximation was performed using a built-in function of the TableCurve 3D program. Each surface based on the numerical results was approximated using a function in two variables -Eq. 1301 (for the relative crack length from the set a/W = {0.05, 0.20, 0.50}) -Eq. (5) in this paper -and function 1071 (for the relative crack length a/W =0.70) -Eq. (6) in this paper -in the set of functions of TableCurve 3D software [25] . The function selected to approximate the limit loads (σ ) P for CCSP(BT) in 3D problems is a polynomial function with two variables: the plate thickness B and the ratio ; results presented for the xed ratio σ /σ -ratio of biaxial external tensile stresses in the platediagrams used in the approximation of the numerical results for two-dimensional problems [12] .
of the external tensile stresses σ /σ :
where the coe cients A , A , A , A , A , A , A , A , A , A , A are dependent on the yield strength σ and the relative crack length a/W. The set of approximation coefcients is given in Table 9 . When formulae (5) and (6) are used, it is necessary to know the plate thickness B, the relative crack length a/W, the yield strength σ given in MPa and the mutual ratio between external tensile loads -σ /σ . The result will be given in MPa. Formulae (5) and (6) are well-suited to correctly estimate the limit load in the range of the material and geometric characteristics considered here. For the case when the level of external loads σ /σ or geometry (a/W, B) or material characteristics (σ ) were not considered, it is recommended that additional linear approximation be performed for two closest values of the level of biaxiality of tensile stresses σ /σ and/or the material characteristics (σ ) and the plate geometry (a/W, B).
Conclusions
This paper has considered the determination of the limit loads (σ ) P for centrally cracked square plates under biaxial tension -CCSPs(BT). The work has brie y discussed the concept of limit loads, some aspects of numerical modelling as it slightly di ers when two-dimensional problems -plane stress state and plane strain state -and threedimensional problems are analysed. The paper has also described all the numerical results. In the study, it was essential to determine the in uence of various parameters on the value of the limit load, with the parameters including the relative crack length a/W, the yield strength σ , the plate thickness B and the ratio of biaxial external loads σ /σ , being the ratio of external tensile stresses acting on the plate. Approximation formulae used for all the results are presented. The conclusions drawn during the study are natural and obvious. The limit load increases with increasing yield strength and decreases with increasing crack length. The numerical calculations conducted for the three-dimensional cases indicate that for the analysed geometry there is a slight increase in the limit load (σ ) P when the plate thickness increases -if the limit load is used in [MPa] units. If, however, the results presented in this paper will be recalculated based on the value of the force [kN] -do not stress, engineer need to con rm the wellknown fact, that the load limit increases with the thickness of the plate. There is nothing new, but it is important to mention this. Of interest is the in uence of the level of biaxiality of external tensile stresses acting on the plate in two directions σ /σ . In the case of very short and short cracks (a/W = 0.05 and a/W = 0.20, respectively), this is a considerable increase in the limit load with increasing ratio σ /σ ; however, after the ratio of tensile stresses σ /σ reaches a certain level, the limit loads decrease with increasing ratio σ /σ . In the case of standard crack lengths (a/W = 0.50), the (σ ) P = f (σ /σ ) curves are similar. For long cracks (a/W = 0.70), there is an increase in the limit load (σ ) P with increasing ratio σ /σ , de- -.
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termining the level of biaxiality of external stresses acting on the plate in two directions. The numerically calculated values of the limit loads (σ ) P for the CCSP(BT) were compared with the results available in the literature. They were veri ed using the assumptions of elastic-plastic fracture mechanics. The conclusions drawn from the comparison are also universalthe conservatism of the solution guarantees that in engineering problems the values of the limit loads (σ ) P determined for the plane stress state can be used. If the approach is less conservative, the calculated values of the limit loads (σ ) P can be used for real three-dimensional components.
The approximating formulae presented in this work are suitable to estimate the limit load for cases not considered in the numerical program while solving engineering problems. Poisson's ratio σ strain corresponding to the yield strength, σ = σ /E
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